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Fluctuations in the length of day (LOD) over periods of several decades are commonly
attributed to exchanges of angular momentum between the mantle and the core.
However, the forces that enable this exchange are less certain. Suggestions include
the influence of pressure on boundary topography, electromagnetic forces associated
with conducting material in the boundary region and gravitational forces due to mass
anomalies in the mantle and the core. Each of these suggestions has strengths and
weaknesses. Here we propose a new coupling mechanism that relies on the presence
of stable stratification at the top of the core. Steady flow of the core over boundary
topography promotes radial motion, but buoyancy forces due to stratification oppose this
motion. Steep vertical gradients develop in the resulting fluid velocity, causing horizontal
electromagnetic forces in the presence of a radial magnetic field. The associated pressure
field exerts a net horizontal force on the boundary. We quantify this hybrid mechanism
using a local Cartesian approximation of the core-mantle boundary and show that
the resulting stresses are sufficient to account for the observed changes in LOD. A
representative solution has 52m of topography with a wavelength of 100 km. We specify
the fluid stratification using a buoyancy frequency that is comparable to the rotation rate
and adopt a radial magnetic field based on geodetic constraints. The average tangential
stress is 0.027Nm−2 for a background flow of V¯ =0.5mms−1. Weak variations in
the stress with velocity (i.e. V¯1/2) introduce nonlinearities into the angular momentum
balance, which may generate diagnostic features in LOD observations.
Keywords: LOD variations, CMB interaction, core stratification, electro-mechanical coupling, angular momentum
transfer, geomagnetic induction, rapid time variations, composition and structure of the core
1. INTRODUCTION
Stable stratification at the top of Earth’s core suppresses radial motion in the vicinity of the
core-mantle boundary (CMB). Weak radial motion may still be present due to magnetic waves
that propagate with periods of 100 years or less (Bloxham, 1990; Braginsky, 1993). Detection of
these waves in secular variation of the geomagnetic field offers a unique probe of the core near
the CMB (Buffett, 2014). Several geomagnetic field models (Jackson et al., 2000; Gillet et al., 2009;
Wardinski and Lesur, 2012) support the existence of waves and yield broadly consistent estimates
for the strength and thickness of stratification (Buffett et al., 2016), although other interpretations
are possible (More and Dumberry, 2018). A nominal value for the layer thickness is 140 km.
Stratification also affects the morphology of the geomagnetic field. Geodynamo models predict
an increase in the amplitude of the dipole field relative to the non-dipole components in the
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presence of stratification (Sreenivasan and Gubbins, 2008; Olson
et al., 2017). Stratification can also affect the equatorial symmetry
of the geomagnetic field or the relative distribution of zonal
and non-zonal field components (Christensen et al., 2010).
Comparisons of model predictions with observations of the
modern geomagnetic field suggest that stratification cannot
exceed 400 km in thickness (Olson et al., 2017; Christensen,
2018).
A more stringent constraint on stratification comes from
the time dependence of reversed flux patches at the CMB
(i.e., local regions where the radial field is opposite to
that expected for a dipole field). Growth of reversed flux
patches has been attributed to the expulsion of magnetic
field from the core by radial motion (Bloxham, 1986). The
rate of growth is controlled by magnetic diffusion, and
this process becomes prohibitively slow when radial motion
is suppressed within 100 km of the CMB (Gubbins, 2007).
While thicker layers are inferred from the detection of
waves, these results are not strictly incompatible because
both inferences are subject to large uncertainties. Moreover,
the presence of waves can contribute to the rate of flux
expulsion by allowing weak radial motion on timescales
of 101 years to 102 years. The same radial motion may also
contribute to other geomagnetic observations that favor limited
radial motion near the CMB (Amit, 2014; Lesur et al.,
2015).
Core-mantle coupling is also affected by stratification.
Transfer of angular momentum across the CMB is commonly
invoked to explain changes in LOD over periods of several
decades (Gross, 2015). Possible mechanisms include topographic
(Hide, 1969; Moffatt, 1977), electromagnetic (Bullard et al., 1950;
Rochester, 1962) and gravitational (Jault et al., 1988; Buffett,
1996) torques. Topographic torques are ineffective when the
flow around topography is geostrophic because the resulting
fluid pressure is equal on the leading and trailing side of
bumps (Jault and Finlay, 2015). As a result, the net horizontal
force exerted on topography vanishes. Relaxing the condition
of geostrophy, particularly by including the influences of a
magnetic field, can restore the topographic torque (Anufriyev
and Braginski, 1977), although plausible values for the magnetic
field suggest that the resulting torques are small (Mound and
Buffett, 2005).
Electromagnetic torques are a viable explanation for the LOD
variations, as long as the conductance of the lowermantle exceeds
108 S (Holme, 1998). The origin of this conductive material
on the mantle side of the boundary is not currently known.
Suggestions include unusual mantle mineralogy (Ohta et al.,
2010; Wicks et al., 2010), infiltration of core material (Buffett
et al., 2000; Kanda and Stevenson, 2006; Otsuka and Karato,
2012) and partial melt (Lay et al., 1998; Miller et al., 2015).
Gravitational coupling between the mantle and fluid core is
probably too weak to account for the LOD variations because
density variations in the fluid core are expected to be very small
(Stevenson, 1987). However, gravitational coupling between the
mantle and the inner core can be effective (Buffett, 1996). One
restriction on this particular form of gravitational coupling
is that fluid motions must first transfer momentum to the
inner core by electromagnetic coupling. This momentum is
then transferred to the mantle by gravitational coupling to the
inner core. Because fluid motion in the core tends to be nearly
invariant in the direction of the rotation axis (Jault, 2008),
there are large regions of the fluid core that do not directly
couple to the inner core. Evidence for changes in length of
day associated with torsional waves (Gillet et al., 2010) favor
a more general process because waves that do not directly
contact the inner core appear to transfer momentum to the
mantle.
Stratification can alter core-mantle coupling by enabling
a hybrid mechanism for momentum transport. Flow over
topography at the CMB would normally require radial motion,
but this motion is suppressed by stratification. Instead, the
topography redirects or traps fluid in the vicinity of the boundary.
Deeper horizontal flow in the core is unimpeded by the
topography, allowing differential motion between the deeper and
shallower fluid. A steep vertical gradient in the flow generates
electromagnetic stresses in the presence of a radial magnetic field.
These stresses alter the pressure field to produce a net horizontal
force on the topography.
Such a mechanism is broadly similar to momentum transfer
between the atmosphere and the solid Earth by gravity waves
(Gill, 1982). However, there are several significant differences
in the core. For example, fluid inertia in the core is probably
too weak to generate internal gravity waves. Eliminating waves
in the atmosphere would suppress any net stress on the
boundary because otherwise there would be no mechanism
for removing excess momentum due to a persistent boundary
stress. In Earth’s core the presence of a magnetic field allows
low-frequency magnetic waves to transport excess momentum
from the boundary region. The combination of waves and
strong damping due to ohmic dissipation shift the phase of
the pressure perturbation so that pressure on the leading and
trailing sides of topography is different. A net horizontal force
is produced on both the mantle and core. The goal of this study
is to quantitatively assess the horizontal force due to a steady
background flow and show that this force is capable of producing
the observed changes in LOD.
A similarmechanism has previously been proposed to account
for observations of coupling between the mantle and tidally
driven flow in the core (Buffett, 2010). This previous application
was restricted to tidal flow, where fluid inertia was expected
to be important. Here the influence of fluid inertia is much
smaller. A nominal flow of 0.5mm s−1 over topography with
wavelengths of 100 km to 1,000 km produces fluctuations with
periods of roughly 101 years to 102 years. At such long periods the
horizontal force balance is expected to involve a combination of
buoyancy, Coriolis and magnetic forces (Jones, 2011), although
we retain the effects of inertia for a more complete description of
fluid motion. We begin our discussion in section 2 with the basic
model setup. A simple quasi-analytical solution to the relevant
governing equations shows how pressure is distributed over the
topography. An estimate for the average tangential stress on the
boundary is given in section 3 and we use this result to assess
the consequences for changes in LOD. Broader implications are
considered in section 4 before we conclude in section 5.
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FIGURE 1 | Schematic illustration of the core-mantle boundary region. Flow V¯ of the core past the mantle is disturbed by topography h(x, y) on the core-mantle
boundary. A stable density profile ρ(z) is assumed at the top of the core and a uniform vertical magnetic field B¯ is imposed. Fluid motion perturbs the density profile
and alters the magnetic field to produce a pressure field that exerts a net horizontal force on the mantle.
2. MODEL SETUP AND RESULTS
We consider the problem of steady flow in the core past a solid
mantle with undulations on the interface. We approximate the
mean position of the CMB by a plane horizontal surface z = 0,
which omits curvature terms in the governing equation. The
relative errors are of order λx/R where λx is the wavelength
associated to the undulations and R is the radius of the
outer core. The topography is defined as positive when the
boundary has a positive radial displacement from the mean
position (see Figure 1). We allow the topography h(x, y) to be
two dimensional in the horizontal plane and consider a single
sinusoidal component
h(x, y) = h˜ exp (ikxx+ ikyy) , (1)
where h˜ is the amplitude, and kx and ky are the wavenumbers
in the direction of the basis vectors ex and ey. A more general
description of topography can be constructed from a linear
superposition of sinusoidal components (Here we follow the
convention of interpreting physical quantities as the real parts of
complex expressions). The surface of the CMB is described by
f (x, y, z) = z − h(x, y) = 0 (2)
so the outward unit normal n to the fluid region is given by
n ≡
∇f∣∣∇f ∣∣ = ez − ikTh(x, y)√1+ k2T Re(ih)2 (3)
where kT = kxex + kyey, kT = |kT| and Re (•) denotes the real
part. When the topography is small (kxh˜ and kyh˜≪ 1) we can set∣∣∇f ∣∣ ≈ 1 in the definition of n.
A uniform background flow V¯ = V¯ex is maintained in a
frame that rotates with the mantle at constant angular velocity
 = ez . The gravitational acceleration is g = −gez and we
adopt a vertical backgroundmagnetic field B¯ = B¯ez because it has
the largest influence on the dynamics once the flow is perturbed
by boundary topography.We assume that the fluid is inviscid and
the mantle is an electrical insulator, so the background magnetic
field is not disturbed by V¯ in the absence of topography. Thus
the uniform (geostrophic) background flow is sustained by a
horizontal pressure gradient ∇P¯(y).
Stable stratification is imposed in the core by letting the
density field vary linearly with depth
ρ¯(z) = ρ0(1+ αz) , where α =
1
ρ0
∂ρ¯
∂z
< 0 (4)
is required to ensure stable stratification in the region z < 0.
We subsequently relate α to the buoyancy frequency N using
α = −N2/g. Both α and N are treated as constants.
2.1. Linearized Governing Equations
Flow past topography alters the background flow and disturbs
the magnetic field, pressure and density. We denote these
perturbations using v for the velocity, b for the magnetic field,
p for the pressure and ρ′ for the density. All of these fields
are assumed to be small when the topography is small, so we
can linearize the equations for the perturbations by neglecting
products of small quantities. We expect these perturbations to
become time invariant in the frame of themantle after the passage
of initial transients. Further simplifications are permitted by the
low viscosity of the core liquid. Neglecting the viscous term in the
linearized momentum equation yields
ρ0V¯ · ∇v + ρ0× v = −∇p+ ρ
′g +
1
µ
B¯ · ∇b, (5)
where µ is the magnetic permeability. This particular form of the
momentum equation accounts for the absence of a background
electric current density, J¯ = (∇ × B¯)/µ = 0. The induction
equation for a steady magnetic perturbation is
B¯ · ∇v − V¯ · ∇b+ η∇2b = 0 , (6)
where η = 1/(µσ ) is the magnetic diffusivity and σ is the
electrical conductivity. Finally, conservation of mass requires
V¯ · ∇ρ′ + v · ∇ρ¯ = 0 . (7)
These three equations are supplemented by ∇ · b = 0, together
with ∇ · v = 0 in the Boussinesq approximation.
Frontiers in Earth Science | www.frontiersin.org 3 October 2018 | Volume 6 | Article 171
Glane and Buffett Enhanced Core-Mantle Coupling Due to Stratification
Solutions for the perturbations are sought in the form
ρ′ = ρ˜′ exp (ik · x), v = v˜ exp (ik · x),
p = p˜ exp (ik · x), b = b˜ exp (ik · x), (8)
where k = kxex + kyey + kzez is the wavenumber vector,
x = xex + yey + zez is the position vector and ρ˜
′, v˜, etc. are
the amplitude of the perturbations.
2.2. Boundary Conditions
Four boundary conditions are imposed at the CMB, in addition
to the requirement that the perturbations vanish as z →−∞. An
inviscid fluid requires a single boundary condition on the normal
component of the total velocity
(V¯ + v) · n = 0 . (9)
This condition is evaluated on the interface z = h(x, y), but it
is customary to transfer the boundary condition to z = 0 by
expanding V¯ and v in Taylor series about the reference surface.
Three additional conditions are required to ensure that
the magnetic perturbation in the core is continuous with the
magnetic perturbation in the mantle, which can be represented as
the gradient of a potential. A simpler treatment of the boundary
condition on the magnetic field uses the so-called pseudo-
vacuum condition (Jackson et al., 2014). In this case we have
bx = by = 0 at z = 0 to first-order in the perturbation. This
approximation reduces the number of boundary conditions on
the magnetic field from three to two, and eliminates the magnetic
potential as an unknown in the problem. Even though both
choices of magnetic boundary conditions yield quantitatively
similar solutions (the relative difference in pressure is only 10−4)
we adopt the potential-field condition
b(x, y, 0) = bM(x, y, 0) with bM = −∇ψM(x) . (10)
for all solutions in this study. Here, bM denotes the magnetic
perturbation in the mantle and ψM is the associated scalar
potential.
2.3. Solution for the Perturbation
In the Appendix, we show that Equations (5–7) can be reduced
to a system of three linear equations for the amplitude of the
magnetic perturbation b˜. Three independent solutions are found
for b˜, each corresponding to a distinct value for the vertical
wavenumber kz . A linear combination of these three solutions
are required to satisfy the boundary conditions at z = 0. For
the case of a potential field in the mantle, we use four boundary
conditions to determine the unknown amplitudes of the three
solutions, as well as the amplitude of the magnetic potential.
Once solutions are obtained for k
(i)
z and b˜
(i)
(i = 1, 2, 3), we
use the linear combination of v˜(i) and p˜(i) to reconstruct
the velocity and pressure perturbations everywhere in
the fluid.
We adopt nominal values of the relevant parameters to
illustrate the solution. We take the values specified in Table 1 to
define the basic state of the core. A topography with a wavelength
TABLE 1 | Nominal values for the parameters of the model.
Quantity Value
ρ0 10
4 kgm−3
B¯ 0.65mT
 0.729× 10−4 s−1
η 0.8m2 s−1
V¯ 0.5mms−1
kx , kT 6.3× 10
−5m−1
of 100 km in the ex-direction yields the wave number stated in
Table 1. The error due to omitted curvature terms is λx/R ≈ 0.03,
which is small enough to neglect. The radial motion over this
topography has a frequency ω = kxV¯ =3.1× 10
−8 s−1 for the
background velocity chosen in Table 1, which corresponds to
a timescale, 2pi/ω, of roughly 6 years. We explore a range of
values for the fluid stratification, starting with the case of strong
stratification. Chemical stratification due to barodiffusion of light
elements can produce a buoyancy frequency ofN = 20 to 30
when the top of the core is not convectively mixed (Gubbins and
Davies, 2013). Adopting N = 20 gives the following solution
for the vertical wavenumbers:
k(1)z = −1.56× 10
−2(1+i) m−1, k(2)z = 1.40× 10
−4(1-i) m−1,
k(3)z = 5.42× 10
−6m−1. (11)
The first wave can be interpreted as a boundary-layer solution
due to the short length scale in the vertical direction. The vertical
length scale for this particular solution is dependent on the
strength of stratification. We find that k
(1)
z increases linearly
with N, so the strongest stratification produces the thinnest
boundary layer. The second wave has a larger vertical length
scale, comparable to the wavelength of topography. The third
wave has a much larger vertical length scale with a very small
imaginary part due to the weak influence of magnetic diffusion
at these larger scales. The first and third waves contribute most
to the pressure field for our nominal values; the first wave sets the
pressure at the boundary, and the third wave controls the broader
background perturbation well below the boundary.
Figure 2 shows a vertical x-z cross-section for the pressure
field using the nominal parameter values and a topography of
h˜ = 30m. The pressure immediately adjacent to the boundary is
asymmetric with respect to the topography. High pressure occurs
mostly over the leading edge of the bump on the boundary,
while low pressure prevails over the trailing edge. Both of these
pressure perturbations exert a horizontal (tangential) stress on
the boundary. A quantitative estimate for the average tangential
stress is obtained by integrating the local traction over the
surface of the CMB. Before turning to this question we assess
the importance of stratification for producing an observable
tangential stress. When the stratification is substantially reduced
(say N = 0.1) the thickness of the boundary-layer solution
(first wave) increases and the resulting contribution to the
pressure at the CMB is small. The second and third wave
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FIGURE 2 | Vertical cross-section of pressure perturbation relative to the
boundary topography. A positive pressure perturbation develops over the
leading edge of topography and a negative pressure perturbation occurs over
the trailing edge. The disturbance in the flow is confined to the top kilometer of
the core for the nominal choice of model parameters (see text).
now contribute most to pressure perturbation. However, the
distribution of pressure is symmetric relative to the topography,
so the average tangential stress is vanishingly small.
The velocity perturbation on a x-z cross-section is shown in
Figure 3. Flow over the topography causes a vertical component
of flow, but themagnitude of this flow is quite small relative to the
horizontal flow. The peak vertical velocity is only 0.001mm s−1
because the slope of the topography is very small (e.g., kxh˜≪ 1).
The largest horizontal flow occurs immediately below the CMB
and it decays rapidly with depth. The peak horizontal velocity is
0.3mm s−1, which is less than the background flow of 0.5mm s−1,
although not substantially less. A large velocity perturbation
means that the linearized equations are less accurate. We
revisit this question qualitatively in the discussion, but a more
quantitative assessment must retain the nonlinear terms in the
governing equations. We could reduce the velocity perturbation
by reducing the topography. While this change would improve
the validity of the linearized equations, it would also reduce the
traction on the boundary. We show in the next section that the
choice of h˜ = 30m is sufficient to produce a torque on the mantle
of roughly 1019Nm. Such a torque is probably more than enough
to account for the LOD variations, although it does suggest that
the flow is becoming nonlinear as we approach the conditions
required to explain the observations.
Information about the nature of the nonlinearity can be
gleaned from Figure 3. For example, the velocity perturbation
on the leading side of the topography (x ≈ 0 km to 20 km)
is directed in the negative ex direction. This means that the
total velocity, V¯ + v, in this region is decreasing. In effect, the
fluid is becoming stagnant below regions of positive topography.
This stagnant fluid prevents flow from following the boundary,
reducing the forcing of vertical motion and lowering the
amplitude of the perturbation. We might view the growth of
FIGURE 3 | Vertical cross-section of horizontal velocity relative to the
boundary topography. Arrows show the direction of flow and background
color denotes the magnitude of the flow. Negative velocity perturbations under
regions of positive topography implies that the total flow is decreasing.
stagnant regions as a reduction in the effective topography. We
speculate that increasing stratification or increasing topography
would cause the flow to become increasingly stagnant below
positive topography. Deeper flow would be unimpeded by the
topography, so magnetic stresses on the shallower stagnant
fluid would transfer momentum to the mantle by the effects
of pressure on the boundary. Such a coupling mechanism is
qualitatively similar to electromagnetic coupling, where the
thickness of the conducting layer is set by the amplitude of the
topography. A topography of h˜ = 100m would approximate
a conducting layer with a conductance of G = hσ = 108 S,
when the electrical conductivity is σ = 106 Sm−1. This is the
conductance required to account for LOD variations (Holme,
1998). Thus, we expect nonlinearities to reduce the effectiveness
of the coupling mechanism. However, we can compensated by
increasing the amplitude of the topography above the nominal
value of h˜ = 30m.
3. AVERAGE TANGENTIAL STRESS ON
THE BOUNDARY
The local traction on the mantle is
t = p(x, y, 0)n , (12)
where n was previously defined in Equation (3) as the outward
normal to the core. In general we can expect t to have both
ex and ey components when the wavenumbers kx and ky are
non-zero. Setting ky = 0 produces topographic ridges that
are perpendicular to the background flow, so the horizontal
traction is entirely in the ex direction. A local traction in the ex
direction also occurs for a linear superposition of topography
with wavenumbers kT = kxex ± kyey . This particular choice
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of topography produces a checkerboard pattern of relief on
the boundary, but it gives no net traction perpendicular to the
direction of background flow. For the purpose of illustration, we
consider the simple case where kx = kT and ky = 0, so we confine
our attention to tractions in the direction of flow.
Transfer of angular momentum to the mantle depends on
the average of tx over x. We compute the average traction from
the real part of tx in Equation (12), noting that Re(p) = (p +
p∗)/2, where (•)∗ denotes the complex conjugate. Similarly, we
let Re(n) = (n + n∗)/2. Only constant terms in the product pn
contribute to the average stress, so we obtain:
〈tx〉 =
1
4
(pn∗x + p
∗nx) . (13)
For our representative parameters values we obtain an average
stress of 0.027Nm−2, which is comparable to the estimate
required to account for fluctuations in LOD at periods of several
decades (Hide, 1969). A rough estimate for the axial torque due
to zonal flow with constant V¯ is π2R3 〈tx〉, where R = 3,480 km is
the radius of the core (details are given below). Thus the nominal
value for the average stress predicts an axial torque of about
1.1× 1019Nm.
Many of the parameters in 〈tx〉 are uncertain, so it is useful
to consider a range of possible parameter values. Figure 4 shows
how 〈tx〉 changes when a selected parameter is varied. In each
case the other parameters are fixed at their nominal values.
We consider variations in h˜, N, V¯ , , and λx. The strongest
dependence is due to topography h˜. Because p and nx depend
linearly on h˜, the product for the average stress varies as h˜2.
Increasing the topography to 100m produces a tangential stress
of 0.3Nm−2, which is much larger than the value required
to account for LOD fluctuations. Independent estimates of
boundary topography can exceed several kilometers (Colombi
et al., 2014; Shen et al., 2016), although the corresponding
wavelengths are comparable to the radius of the core. Increasing
the wavelength from 100 km to 1,000 kmdecreases themagnitude
of the stress to 0.02Nm−2 for h˜ = 30m. Restoring the stress to
our nominal value of 0.027Nm−2 requires a modest increase in
the topography to h˜ = 42m. Wavelengths larger than 1,000 km
would likely require an explicit treatment of spherical geometry
(Anufriyev and Braginski, 1977).
Stratification is essential for producing a tangential traction.
We find that 〈tx〉 varies linearly with N over a large range of
stratifications (see Figure 4B). A resonance is evident at low N
(see the inset in Figure 4B), possibly due to a correspondence
between the frequency of the boundary forcing and the natural
frequency of internal gravity waves. Further reductions in
stratification causes the average stress drop to zero. A wide
range of values for N can sustain a viable coupling mechanism.
Decreasing stratification to N =  lowers the stress to
roughly 〈tx〉 = 0.01Nm, although we can restore the stress
to 0.027Nm−1 with a modest increase in the topography to
h˜ = 52m (The peak amplitude of the perturbed flow is still
0.3mm s−1). Thus an intermediate stratification of N ≈ , as
reported in previous studies of geomagnetic secular variation
(Buffett et al., 2016), is compatible with the coupling mechanism
proposed here.
A broad (140 km) layer of stratification would allow
barodiffusion to drive a flux of light elements toward the CMB.
As light elements accumulate at the top of the core we can expect
a 1 km layer of chemical stratification to develop within a few
million years, given typical estimates for the diffusivity of light
elements (Pozzo et al., 2012). A buoyancy frequency of N =
20 or more is feasible due to chemical stratification, which
would put the core at the high end of stratifications considered
in Figure 4. While it is not entirely clear how a thin layer of
stratification would affect the average stress, we note that the
perturbed flow due to the first wave would be largely contained
within the chemical stratification. Recall that the first wave was
principally responsible for the average boundary stress, so it is at
least possible for a thin layer of stratification to be relevant for
core-mantle coupling.
The amplitude of the background flow also affects the average
tangential stress. Figure 4C shows that 〈tx〉 varies at V¯
1/2. This
implies a relatively weak dependence on the background velocity.
If the amplitude of the velocity variations associated to LOD
fluctuations is roughly an order of magnitude smaller than
0.5mm s−1, this would lower the fluctuating stress by a factor
of 3. The strong dependence on h˜ means that only a modest
increase in topography would be required to restore our nominal
estimate for the stress. A nonlinear dependence of the stress on V¯
also has interesting consequences for the nature of the coupling
mechanism, which may produce detectable signatures in the
frequency spectra of LOD variations. We explore this behavior
in the next section.
One other feature of the solution for 〈tx〉 should be noted. We
have assumed that the rotation vector  is perpendicular to the
surface. This is strictly true in polar regions. Elsewhere we might
interpret as the radial component of the planetary rotation rate.
This is a common assumption when the flow is confined to a thin
layer (Pedlosky, 1987, p. 715). Our boundary-layer solution (first
wave) is confined to a thin layer, so it might be reasonable to
replace the value of planetary rotation with the radial component
at mid-latitudes, which would imply a 30% reduction in the
value of . A direct calculation of 〈tx〉 with the lower rotation
rate is shown in Figure 4D. The average stress is found to vary
quadratically with, although the stress does not go to zero when
the rotation rate vanishes.We use this result below to estimate the
torque due to the boundary stress. To simplify the calculation of
the torque we adopt a linear approximation for the average stress.
It gives good agreement at mid to high latitudes (e.g., 0.7 to
), but underestimates the stress at the equator, where the usual
assumption about retaining only the radial component of the
rotation vector break down. It is likely that this approximation
underestimates the torque on the mantle.
3.1. Torque Due to Boundary Stress
The axial torque on the mantle is evaluated using local estimates
for 〈tx〉 over the surface of the CMB. A detailed assessment
should account for changes in the radial component of planetary
rotation by letting  = M cos(θ), where M is the angular
velocity of the mantle and θ is the colatitude. We also require
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FIGURE 4 | Dependence of the tangential stress 〈tx〉 on (A) the amplitude of topography h˜, (B) the strength of stratification N/, (C) on the velocity V¯, (D) on the
angular velocity , and (E) the wavelength of topography λ = 2π/k.
knowledge of the zonal (eastward) flow of the core V¯ = V¯eϕ
relative to the mantle. Here eϕ denotes the unit vector in the
azimuthal direction. As a first approximation, we might define
the relative motion of the core in terms of an average angular
velocity of the coreC. Thus the relativemotion can be expressed
in the form
V¯ = R(C −M) sin(θ) . (14)
Variations in V¯ cause changes in 〈tx〉, so we might define the
average tangential stress (now defined in the eϕ direction) in the
form
〈
tϕ
〉
= tϕ,0 cos(θ)
√
R(C −M) sin(θ)
V¯0
(15)
where tϕ,0 represents the nominal value for the average stress due
to the nominal background velocity V¯0. If we set V¯ = V¯0 at a
particular co-latitude, θ , then the average stress at this location
deviates from our nominal value, tϕ,0, only due to the change in
the radial component ofM. However, if V¯ also deviates from V¯0
then we want to account for the V¯1/2 dependence of the stress.
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For the purpose of illustration we let V¯0 = R(C − M), so the
nominal background velocity occurs at the equator. Elsewhere
the background velocity from Equation (14) is lower than V¯0. The
resulting axial component of the torque on the mantle is given by
Ŵz =
∫
S
ez · (r ×
〈
tϕ
〉
eϕ) dS = tϕ,0
∫
S
R cos(θ) sin
3
2 (θ) dS =
8pi
7
R3tϕ,0
(16)
where r is the position vector relative to the center of the planet
and S defines the surface of the CMB. The stress is symmetric
about the equator, even though the direction of the Coriolis force
changes sign in the Southern Hemisphere. Consequently, we
restrict the surface integral to the North Hemisphere and exploit
the symmetry to evaluate Ŵz . The net torque is about a factor of
3 lower than our earlier approximation because the background
flow and rotation rate are lower over most of the CMB.
3.2. Dynamics of the Core-Mantle System
The weak (square-root) dependence of the average stress on the
background velocity has several consequences for the transfer
of angular momentum. Consider the case where C > M.
According to Equation (16) the torque on the mantle is positive,
while the torque on the core is negative. The negative torque
on the core causes a decrease in C, which reduces the
differential rotation. The angular velocity of the mantle is also
altered, but this change is smaller due to the larger moment
of inertia. For the hypothetical case of a torque that depends
linearly on the differential rotation, the relaxation back to solid-
body rotation occurs exponentially with time. By comparison,
a square-root dependence of the torque on C − M means
that the torque is smaller at large differential rotations; the initial
adjustment occurs more slowly than the linear torque. However,
at sufficiently small differential rotation the torque in Equation
(16) must exceed the torque with a linear dependence on C −
M. The larger torque drives the differential rotation to zero in
finite time (unlike exponential decay).
Signatures of the coupling mechanism are potentially
detectable in the dynamics of the core-mantle system. To explore
this question we consider a toy problem in which the mantle is
forced by an atmospheric torque ŴA(t) with a period of one cycle
per year (cpy). The actual problem is more complicated (Gross
et al., 2004), but the goal here is to assess the influence of different
functional forms for the torque at the CMB. When there are no
other torques on the core, we can write the coupled system of
angular momentum equations in the form
CM
dM
dt
= γ sgn(C −M)
√
|C −M| + ŴA(t) , (17)
CC
dC
dt
= −γ sgn(C −M)
√
|C −M| , (18)
where CM and CC are the polar moments of inertia of the mantle
and core, γ characterizes the amplitude of core-mantle coupling
and sgn(•) defines the sign of the torque according to the sign
of the argument; the square-root dependence is applied to the
absolute value ofC −M. The moment of inertia of the mantle
is about a factor of 10 larger than the moment of inertia of
FIGURE 5 | Power spectra for the angular velocity of the mantle M(t) in
response to an imposed annual torque from the atmosphere. A reference
model with no coupling to the core (γ = 0) is compared to a nonlinear model,
based on the horizontal boundary stress
〈
tϕ
〉
. The two results are nearly
identical at the forcing frequency of 1 cycle per year, whereas the nonlinear
model exhibits overtones due to the nonlinearity of the coupling mechanism.
Low-amplitude fluctuations near the base of the spectra are a result of
discretization errors in the numerical integration of M(t).
the core. Similarly, the atmospheric torque might be roughly 50
times larger than the torque at the CMB. We approximate these
conditions by defining ŴA(t) with unit amplitude and take CM =
1 kgm2,CC = 0.1 kgm
2, and γ = 0.02Nm s1/2. We also consider
a case in which core-mantle coupling is turned off (γ = 0). These
results are compared with a third solution in which the torque at
the CMB depends linearly on C − M. Each of these systems
are integrated numerically in time using a solid-body rotation as
the initial condition, i.e., M(0) = C(0) = 0, where 0 is the
initial rate of rotation.
Figure 5 shows the power spectrum computed from the
numerical solution for M(t). The solution with no coupling at
the core-mantle boundary produces a single spectral peak at the
frequency of the atmospheric torque. The spectrum produced
with the linear coupling mechanism is indistinguishable from the
one with γ = 0 and therefore not shown. This result indicates
that the core has a small influence on the response of the mantle
to atmospheric forcing. The coupling mechanism with nonlinear
(square-root) dependence also reproduces the peak at 1 cpy, but
adds several other peaks at 3, 5, 7, . . . cpy. These peaks are simply
a consequence of the specific form of the nonlinearity in the
coupling mechanism.
4. DISCUSSION
The coupling mechanism proposed here involves a combination
of pressure and electromagnetic forces. Momentum is transferred
to the mantle by the influence of pressure on topography.
However, the distribution of pressure over the boundary is
strongly influenced by stratification and by electromagnetic
forces. In fact, the coupling mechanism can be as dissipative as
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electromagnetic coupling. Steep gradients in the perturbed flow
distort the radial magnetic field over a length scale of roughly
102m to 103m, depending on the strength of the stratification.
This length scale is short compared with the skin depth, based on
the temporal frequency of flow over the topography. Pervasive
diffusion of the magnetic perturbation occurs in a magnetic
boundary-layer (i.e., the first wave).
Other components of the background magnetic field can also
contribute to the coupling mechanism, although they would
likely have a smaller role. Distortion of a horizontal background
magnetic field is due to lateral variations in the flow, which is
controlled by the wavelength of topography. This length scale
is typically long compared with the vertical wavelength. The
study of Moffatt (1977) dealt exclusively with the influence
of a horizontal magnetic field on flow over topography (in
the absence of stratification) and found that topography in
excess of 4 km was required to produce a stress comparable
to our nominal value of 0.027Nm−2. By comparison, much
smaller boundary topographies are sufficient to account for the
amplitude of decadal fluctuations in LOD when we allow for
fluid stratification. A small topography is also consistency with
our method of solution because we use a Taylor series to transfer
boundary conditions to the reference surface z = 0. When the
boundary topography is small compared with the vertical length
scale of the perturbation, a first-order Taylor series suffices to
relate the conditions on z = h(x, y) to those on z = 0.
The amplitude of the topography is also important for
determining the amplitude of the velocity perturbation. A
nominal topography of h˜ = 30m in Figure 3 produces a
maximum velocity of 0.3mm s−1 at the CMB (see Figure 3).
Thus the perturbed flow is not substantially smaller than the
background flow of 0.5mm s−1. We expect nonlinearities to
reduce the effectiveness of the coupling mechanism, so a modest
increase topography above the nominal value of h˜ = 30m is
probably required to compensate. Our calculations show that
disturbance in the background flow is confined to the top 100m
of the core. Such a shallow disturbancemay not substantially alter
the influence of deeper background flow on geomagnetic secular
variation (It would be analogous to diffusing the geomagnetic
field through a thin conducting layer). We also expect the vertical
(radial) component of the magnetic perturbation to be small,
so it would be difficult to detect at the surface, particularly
if the wavelength of topography was on the order of 102 km.
Other aspects of the dynamics could more significant. Enabling
an effective means of momentum transfer alters the structure
of waves in the core and may also account for the damping
of torsional waves in the equatorial region (Gillet et al., 2010).
Electromagnetic coupling has been proposed as a damping
mechanism for torsional waves (Schaeffer and Jault, 2016), but
the mechanism proposed here may work similarly without
requiring a large electrical conductivity on the mantle-side of the
boundary. A suitably modification of the proposed mechanism is
also applicable to tidally driven flow in the core (Buffett, 2010).
Observations of Earth’s nutation require a source of dissipation
at the CMB. Electromagnetic coupling is one interpretation, but
the influence of topography in the presence of stratification offers
an alternative explanation.
5. CONCLUSIONS
Steady flow of Earth’s core over boundary topography can
produce a large tangential stress on the mantle when the top
of the core is stably stratified. This stress provides an effective
means of transferring angular momentum across the CMB. A
linearized model is developed using a planar approximation of
the CMB. Topography on the boundary disturbs the velocity and
magnetic fields, causing a pressure perturbation that exerts a net
horizontal force on topographic features. Reasonable choices for
the amplitude of the background flow and the strength of the
initial magnetic field yield dynamically significant stresses on the
mantle. A viable solution has a topography of 52m and a fluid
stratification specified byN ≈ . Stronger stratification, possibly
due to a thin layer of chemical stratification, increases the stress in
proportion to the value ofN and lowers the required topography.
We also show that the stress has a quadratic dependence on the
amplitude of topography, but varies more weakly with the square
root of the fluid velocity. Incorporating this coupling mechanism
into a simple model for angular momentum exchange yields a
nonlinear system of equations, which produces odd overtones in
the response to annual forcing by an imposed torque from the
atmosphere. Spectral properties of the resulting changes in LOD
may offer insights into the underlying coupling mechanisms.
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